
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A primer on kernelmethods

Disclaimer extractionfromFrancis'sbook

Study ofempiricalriskminimization forlinearmodels
prediction function fo

fo IR

40,411711
where I X Il is usually called a featuremap
and Il is a Hilbertspace
Ex polynomial features how toextend linear classifies tononlinear

Kernelmethods Infinite dimensional linear unthods

Lead to simpleandstable algorithms withtheoretical guarantees

and adaptility to the smoothness ofthetargetfunction

Othermouton canbe helpful tounderstand othermodels such

as neuralnetworks or overparameterizedmodels



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

bonider the optimizationpb coming from ML

jij I ET l'Yi 4411,02 50112

dotproductandnorme
taken w.r.t theHilbertian structure

with training data Xiii EXxy
Q A feature map

prof Representer theorem

Consider a featuremap 4 Il

samples X1 Xn EX
the functional I R IR isstrictlyincreasing wit the

lastvariable

then the infimumof 40,412 COMIXD 110112

can beobtained byrestricting to a vector 0in thespanof
411 41K i e oftheform

D ET til forsome ER



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

linear sparoftheobservedfeature

proof LetDEA H ET xillx ER cte
0ᵉˢ

Let D Op I

I
E againw.r.tthesh.EE

then Vit 1 m

40,41 7 00,41 1 401,41 1

bydefoftheorthogonal
Wehave by pythagorean's thm
1 40,411 Copeland 110112Et 40,41 17 Soient 1100114 110211

Ifo 4K SoieXD 1001K

withequality iff DI O since

I isstrictlyincreasing wir t thelastvariable

thus

inf 1 40,411 Copeland 110112 inf 1 40,411 Copeland 110112

DEH OEHo

Corollary Representer them forsupervisedlearning
For730 the infimunoff.EE l Yi40,4177 1101K

canbe obtainedbyrestricting to vector 0 ofthe form
D EE ti 4 with ER



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Remarks

There is no assumption aboutthe lossfunction no

need for convexity
We can reformulate thelearningproblemusingthe

kernel function k IR

kla il lle Clé

then if D EI dix then for all je41 m

40,41517 ET Lik Xix a j
where KEIR isthekernelmatrix Grammatrix ofthefeature
rectos such that Kj k XiXj Xi 4Xj
Besides

110112 ÊÊ Lily 417,4151 EFFLilyK XTKX

the learningproblem can be rewrittenas

01ff t.EE 4i 4oecxiD 2211014 jinfpE.l4i K 2 TKx

For anytestpointseEX theprediction function is definedas

flat 40,4d Ê Li441e il x ET kik Xipe



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

this the input observations are summarized in thekernel

matrix and the kernel function regardless ofthe dimensionofA

No need to explicitly compute the feature vector41e

Needonly ofdot products
This isthe kerneltrick

G thesearchspace Il is reparameterizedby IR
Carbecomputationally interestingwhendimllilarge

Remark Minimum norm interpolation

the representertheoreme canbeextended to an interpolating
estimator with essentially the same proof

prop given Xs Xt X and Y E ER
such that 70 11 Yi 40,4 forall i 1 n

thenamong all the interpolators Ottl the oneof
minimum norm car le expressed as O IELi 4Xi
with ER suchthat Y Kx



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Kernels

Bydefining klx.se lle Ulx

thentheassociated kernel matrix

Kij 4417,4Xj
is a grainmatrix of featurevectors and is thus

symmetric positie definite i e ER XTK O

It turns out thissimpleproperty is enoughto ensure

theexistence of a featurefunction

If A function k xX R is a positive_definite kernel

ifand only if all kernelmatricesresulting from
this kernel functions are symmetricpositive semidefinite

prop Aronszajn1950

The function k XXX IR is a positive definitekernel

iff a Hilbert space Il and a function 4X Al

such that senséEX klape Clr illaDye



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

partial proof

II If kleine 4K 411711 then forany EIR

any points Xs XnEX the kernel matrix K
associated withthesepoints satisfy

XX EfLily 411,415 11 HÉXillxilty 0

Thus k is a positiedefinitekernel

II Wehave to construct a space offunctionsexplicitlyfrom
to IR withadot product

Define Al CRY
A ETxikl.fi MEIN LER Xa TEX

setof linearcombinationsof kernel functions
thisis a vectorspace onwhich wecandefine a dot product
through

Êaikl X jÊβjklXj ÎÎ XipjklXiij
this is a welldefinedfunctionon A'xte i e itsvaluedoesnot

depend onthe chosen representation as alinearcombination kernelfunctions

Indeed ifwedenote f Exikl Xi then the dotproduct
isequal to Eff Xj depending onthe valuesoff

noton its representation



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

is bilinear and always non negative whenappliedto

the samefunction ie take p Xi i Xj j
since k is positive_definite

satisfies the properties

jeté se àEX 4kt x f flu
kl.pe klo x klx.ae

theseare called reproducing properties andcorrespond to on

explicit constructionof the featuremap 4 x k x

4ff 0 f 0 Yes by Cauchy Schwarzineq

txt flic 4f kl.in f f kt a kl.pe

4ff klu.se
leading to 7 0 assonas f f 0

the space A is called preHilbertion because it'snot complete

It can be completed into a Hilbertspace It with the same

reproducing property TE



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Il is called the featurespace
4 the feature map 4 4 Il

No assumption is neededabouttheinputspace
No regularity assumption is neededfork

Up to isomorphisme the featuremapandspacehapperto be

unique

For anyposite definite kernel k theparticularspaceoffunctions
that webuilt is called the reproducing kernel Hilbertspace RKHS
associated with k forwhich Une kl.pe

Kernels features and functions A positive definite kernel

thus defines a featuremap and a spaceof functions Sometimes
the featuremap iseasytofind andothertimes it is not
but hopefully you won'tneedit



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Examplesof kernels

Linearkernel k xp six

this kernel corresponds to a functionspacecomposedof linear
functions fout Ox with on l penalty 11015

Thekerneltrick carbeusefulwhentheinputdata have

huge dim d but are quitesparse sothat the

dot product aéré car le computed intime d

polynomial kernel for SEIN the kernel

klx.se xix is positivedefiniteCas au integerpowerof
akernel

kiriat ÉExjz.IE a asxi xax

à IÉT Ïnonnegative integers

Wecandeduce an explicit featuremap fromthisexpansion
41e

a

x1 à
Xt Xd S

andthesetoffunctions isthe setof degree s homogeneous
polynomialson R whichhas a dimension 58

2 SERt sit
xERᵈ AEK
flare 8f x



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Whend ands grow the featurespacedimensiongrowsas de
and an explicit representation is not desirable Thekernel trick

canbe advantageous

the associated norm which penalizes coefficientsofthepolynomials
is hardto interpret though asa small chargeinasingle
highorder coefficient canlead tosignificant charges

Often weconsider kla re 1 six whichcorrespondsto

the setof all monomials nF suchthat Lt Xd s

the dimensionofthefeaturespace is still F

Illustration whenusing a polynomialkerneloforder 2
thesetoffunctions linear in thefeaturemap is thesetof
quadraticfunctions leading to ellipsoidaldecision frontier 42ⁿvdar

71ˢvtar Évry
Translation invariant kernelson 0,1

0,1

Takekernelofthe form k x à q x_x l

assumed to be 1 periodic

they emergefrompenalties ontheFouriercoefficients offets



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Toolkit onFourierseries

Anysquaredintegrablefunction on 0,1 thatis 1 periodic

carbeexpanded inthe orthonormal basis se elitme.me

of L 0,13

911mF 2ᵉᵐᵉ 9m

with Âm f qué de
complet

conjugate

Thefunction q is real valuediff mtI êm 9am

parseval'sidentity pythagoreanthm

J Iglaltda JE 19m

Given a functionfEL 0,1 decomposed into itsFourierséries

as flat MEE 2ᵗᵐᵉfm
one can consider theweighted norm

11f11 JE cm fit withCmmeRÉ

this penalty canbe interpreted through a featuremap and a

particular dot product

Consider the Hilbertspace l E ofsquaresummableserieswith
the dot product Ca b JE ambit



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Take the featurevector Ulx e 211F
DE l'E suchthat 0m firm

then floe 0,41 1 is such that

11f11 JE cm fût 1101k IE 10m12

the associated kernelis
e2itmee2itmelklr.simE41xmelx'lm EE rem rem

EEEn émᵗ qJEYHIY.grhEfjampfqa

qm̂ 1cm

Cd Any penaltyoftheform Ʃ cm fit defines a
squared RKHS nom as soon as en is strictly positive

m.EECm to

thekernelfit kbe.se takes theform q x x withq 1periodic
of non negative Fourier series qm̂ Cni

such kernel are positive definite no formalproof
ex Cosx_g cossecosy sinesing Ohel Ily with41h Te

Take n points xit.VEformthegrammatrixKij cos Xi xj LelxiillXj
Remarkthat K 4 x CXTplifiesemidef leading to aPSDkernel
with E 41 1 1 Ê Va KalleTIso



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

penalizaton on derivatives if the sequence cmme takes the
formeof a powerlaw thereis a link withperattisonderivatives

If f is b times diff with a squareintegrable derivative

f a EE Limitˢe2ᵗᵐᵉjm

From parseval'sthem weget

1f altare 12119m.IE m 17m

Ex Fix to 1 and em m for m 0

The associated norme is 11f12Épas 1f aPda Jfkdx
Thecorresponding kernel is

klx.se ZEcnie2itm
x si

1 I12cos2tmbe
x 1

mʳˢ

q x.x

Fors 1 wecanshowthat kla n1 1 15124 Bas x si
2Y267th

Bernoullipolynomial fractional
eg Ball Et 16 4119E E

penalizing the derivativesleads tosolderspaces in more

generality



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Translation invariant kernels on R

Rd
kla n q la_x translation invariantby addition

ofthe same constanttoboth arguments
ToolkitonFouriertransforme TheFouriertransform Rd

of an integrablefunction f is defined by
Î w fa floc élite de

It can naturally be extended to anoperator on all square
integrablefits andunderappropriate conditions onf we can

recover ffrom it Fourier transform

714 É fa f w eine do

parseval'sidentity Sa 1fe tche Égafa 1f w Idw

prop Atranslation invariant kernelkdefinedas klx.si

qlx x is positive definite iff q is theinverseoftheFourier
transformof a nonnegative Bord measure

prof just insight qla.si 2fyafaei4dtwdulw
nonnegotifaure



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Take 21 AntRd In ER

JE klaine JE Lideglay re

2f70FE defeint9 e

dur

Ê fa FÉ
Xjxeeiwajefiw.ae

quuy

C279JraljExjeiE8Iduiw

O POSITIVE_DEFINITENESS

In practice when q andM̅ areboth integrable the associated

kernel is positivedefinite iff WEIR à w 0

Mateenkernel Sobolev spaces one can define a series

ofkernelssuch that w is proportional tord 1 2211012
8

constant homogeneous forstheFouriertransformit
toinputx eg r quantileofall theintegrable pairwise distances11XiXjlofthetrainingdata

thesesocalled Matern kernels all correspondto Sobolevspacesoforders
and can becomputed in closedform

Reminder f EH e JE 18f11 Cts
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A key factis that tobe aRKHS a Soldeuspace hastohave

many derivatives whend grows

having only 1ˢotrderdeseratie s 1 leadsto anRKGonlyford 1

for8 4 1 2 weobtain the exponentialkernelklux exp 11 12

fors 1 32 klui α 1 5111 xpfr3 1

fors 1
512 klar α 1 5 1 53111expfrs b

More generally HS 2 with I CRd are RKHS

when s 1 2 due to akey property continuonspointevaluation

A HilbertspaceHoffunction is a RKHS if forallie
the evaluation functional f fix is continuous

i e bounded on A Thisimplies thatforevery x there
exists a reproducing kernel kxEHs.tt ul LfKaty
bythe Riesz representation thm

If s dL HER CCI theinclusion is continuous

Sobolevembedding thm H Rd CI Rd i e fitsofH Rd arebourdicandcontinuo
Iftall Ca11fles f EH

whens functionsin HSmay no longer becontinuous
Cas distribute orjustL2

SeeBerlinet Thomas_Agnan sbook for a bestiaryofkernels feature

maps and RKHS



Algorithms

Aim solving jij I È fuifixi
17114e

Hyp l is assumedtobeconvex inits2ⁿ vdariable
bounded features forall i 1 in k Xix 114Xi114 R

Usingthe representertheorem one can try to solve

fête ET l Yi K XTKx

this is a convexpb
In theparticular caseofthesquareloss ridgeregression

LEE Y Kalk Ka

Optimality condition KEnak α KY
sol MAI Y

It canbe all conditionedpb because Khasoftensmalleigenvalues
Apossibility is to compute a square rootofK 00TwithDEIR
and in istherankof K and to solve



jâm
EE 114 β β11

Optimality condition 1 Ig β withyEIR thevectorof
gradients gi l YiEpi
forall it 41

derivativewirt
Obtain ER y sotoβ d the2ⁿ vdariable

Columnsubsampling to approximateK approximatesquareroots are

a veryusefultool approximateK from a subsetofitscolumns

canbe done aaeekurfrougklj.it KCIITKCIjallthencolumns

where KCAB submatrixofK obtainedbytakingrowsindexedbyAC 1 n
columns BE 1nl

This corresponds to an approximate squareroot I KC I KCIIIJ ER
with m III which canbecomputed in time0cm n insteadof O n

Referredto as Nystrom approximation in linear algebra

probadist
onsomespaceV

Randomfeatures forkernel ofthe forme
klnié 41ea Cléo deco 441e Cloé174f

Wecan approximate the expectationby an empiricalaverage
Êtreré 1FF laVe Clé.ve



where the e s are sampled i id from E

We can use on explicit feature representation Ô a Fm xive
e m

and solve

piâm
EEE e4 ê B IBIE

with a predictor se βᵗÛse
OKwhenthenumber mofrandomfeatures is Km

Dimensionreduction I oftheinputdata the randomfeature

function CloVe are selected before thedata are observed

column subampling

ex Translation invariantkernels qlx.se jyf9lweiw Idw

forwhichwecantake

complexvalued features Clxw F ein E with au

sampledfromthedistribution of density 941
real valued features j Ê

y to 2 3see Rahimi Recht 2008

e9 Relle

ex NN withrandomweights 4 x v1 007x

When vous klre.si 14fEk CtyIcosy siny
where

cosy
Yunellibille LeRoux Bergio2007



Theoretical analysis ofridgeregression

density ofthe
nobe Xiii EX R Xi p distributionof

the inputs
Model assumption Yi f Xi Ei
ETEX 0

IETEIX T2
7 1 IE Y Xx

Hyp f L2p

Estimation via theminimization

ff1 IEI
Yi fex 711f14

Using the representer them we know that theestimatorisgiverby

flat ET tikle Xi with KINAI y ER

EEm̂ a Yi with what KtndIf'qlalER
where qu 91k in gilet klaXi

thislooks like a localaveragingbut
G theweights donot sumto 1
il arenot constrained to benonnegative



Set Ê 1 Ê 41 1 ULX

for a BEH axel is an operator from Il to A

suchthat for fete ab f 46,7ha

Then forany f
f EE Yi fXi 4allfite

15E tit f 241 Yillx f d f f

4fLETI04 f Similar computations

Ê x f fielx.lt
ET KIX f 4f kix D
EE f1412

One candeduce theminimuger fa
Â ETAIT Yillxi

ÊAIT 1 Ê f XiUlx Était1ÊEillxi



Expectedexcess risk Estimation error

IE 11 7 141,5

EffEAIJ ÊEUX f EffÉtat1Ê x ex flip
Varianceterm Biasterm

dependsonthenoise dependson theregularityofthe

target function

Introduce the covariance operator Ʃ IE Ulx 417
Note that IE E Ʃ

This is an operatorfrom Il toll

Keyproperty it relates 1Keep to 11Ilyas
1191221 Jy941dpire SyLgelse dp e

Sx g 41104e g dpla
Lg Ʃ g
1121kg y

Moregenerally we have f f algiedplat f Igby
for all figEA



Variance term

IE EHIJ ÊEUX

IE Il ÊAIT ET4414 115e

IE Ʃ ÊAIT ETEillxi ENI Et4414

IE ÊAITE Ê AITEUX EillxiDpe

IE IÉ Tr ÊHITEETAIT E 41 104

FE E Tr Ê AITƩ Ê AIT E 41104

É IE Tr ÊAITEEAIT Ê sinceETEXiko2

IIE Tr ÊHITEI usingÉtait'EKI
and thatfor symmetricmatrices

when AYO BIC
then TR AB TrCAC



Biasterm we assume that Etl well specifiedmodel

IEFÊAIT Êf4 i 9 flip
IE f ÉTAIT En4f 41 141 1 f 1F24

ELUE HEE 7H ÊÏÏËË
p

IE 1172 Ê AI 1f 112
Êta f1124

71E f ÊHIJEEAITf

prop When f EH theexcessriskoftheridgekernelregression
estimator is upperbonded by
IE 7 1124,7 IELTRIÊHIT'Ʃ 72ff ÊHIJEEAIT



Relating Empiricaland population Covariance Operators

Lemma Mourtada Rosasco

Assume iid data X1 Xnty
bounded feature 1141e la R forallxEX

IE TREÊ AI E 1 12 TRIE AI E

IfgÊHIJEEHIJGY 4g 75Eg

prof admitted

prof Kernelridgeregression_well specifiedmodel
Assume iiddata Xs Xm EX

NEWT IX Xi E IECilXi 0 IECEIX 452

Assume that 7Ff and that 1141 1111 Ras Then

IEffaftp.JEI 1 I Tr E aITE a 1 4FEKHIIE
multiplicativetermasthe

pricetopaytoreplaceEbyƩ



Whathappens when themodel is not well specified

Remark the followinglemma

Lemma Given the covarianceoperator Ʃ andanyfunctionf711
then 74f AISEf pff11f7 1124 011f114e

1 Ʃ f f 113e 711f111
ofsolution f 257 If

When f E L p in the closureof It inL2p wecanuse a limiting

argument to obtain abiastermoftheform
11,1 41 11f7 11221 117117e

tothe upperboundfortheexcess risk becomes

IEffaftp.JEI 1 I Tr E aITE 1 jfHf.f1Ep file

Balancing bias and variance

ÎÎRd
Hᵗ RY

Rktes f1 H Rd withSsd2

Effy



Balancingbiasand variance forSobolev spaces
One canshowthat thebias scalesas 4ᵗʰ

thevariance scalesas 1 j
leading to an optimal a proportional to

pills As
t

p
2s2ttd

with a rateproportional to n
2ᵗ 2 d

Remark forwellspecifiedmodels when t weget
therate n

2s 2ᵈ
alwaysbetterthan 1h TER
canbeasgoodas when t slarge

This rate isshown to beminimax

Notethat Tr 7ITE is referred to as theeffectivedimension
in the kernelliterature If we control thespectrumof
DITƩ then weobtain CVrates


