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(M Framing PIML as a kernel method

fl; = argmin - f(X; Y2+ ||f
feHs . ([—2L,2L]9) nX:| ( ) | | ”RKHS

with ||f||RKHS = >‘( b)“fHH o ([—2L,2L]¢ )+ >‘(pd )||-@(f)||L 2(Q)

» How does the PDE penalty impact learning?
» How to leverage the kernel toolbox?
» How to define a tractable estimator?
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There exists a positive operator &, on L?([—2L,2L]?) such that, for any

fe H;er([_2L) 2L]d)'
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Morally,

f(x) “ =" {F,6:) = (0,2(F), 03/2(5:)) 1221 2019)

ATBA One can recognize here a reproducing property
f(x) = (f,0,(x)),
where the inner product would be given by

g.h =(0,"(g), ﬁ;l/z(h)>L2([—2L,2L]d)-
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» For any f € L?([-2L,2L]?) and x € [-2L,2L]?,

On(f)(x) = Z am{(f, Vm)Lz([—zL,zL]d)Vm(X)

meN

> Orthonormal basis of eigenfunctions vy, € HS..([—2L,2L]%)

» Eigenvalues a,, >0

The space HS,.([-2L,2L]%), equipped with the inner product

(f, g)rxus = (O, *F,0,1%8) 12 1_a1.2119),

is a reproducing kernel Hilbert space. For f € H5..([—2L,2L]),

”fllzRKHS = ’\(sob)”f”ilger([_zL,zL]d) + )\(pde)”@(f)“%z(ﬂ)a
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Proposition (Characterization of the kernel)

The kernel K is the unique solution to the following weak formulation, valid
for all test functions ¢ € HS_ ([—2L,2L]%): for all x € Q,

per
}‘(sob) Z /

|| <s

97K (x, ) 8% +Npa) /Q D(K(x,)) D(p) = p(x).
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Convergence rate of the PIML kernel method 24 / 40

> Integral operator Lk : L?(,Px) — L2(R2,Px), defined by
VF € QP VxR, Lef(x) = [ KGxu)f()dPx()
Q

> Effective dimension A (Agob); A(pde)) = tr(Lx(Id + Lk)™1)

Theorem (Convergence rate)

Assume that f* € H*(Q2), s > d/2, d(% < K, and the noise € is (M, 0)-
sub-Gamma. Then, for all n large enough,
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Characterization of the eigenvalues o

Assumptions:
> s>d/2
> D=2 jajgs Pad”
» a,, v, = eigenvalues/eigenfunctions of Projg &, Projq
> w, € HS_ ([-2L,2L]9) extended e.f., s.t. v,, = a1 Projown,

per

Theorem (Eigenfunction characterization)

For any test function ¢ € H5,.([—2L,2L]%),
“wWn 0% + /.@Wm D(p =a,_n1/ng0.
_ YRS TRCCE Ry

In particular, any solution of this weak formulation satisfies:
(i) Vx el A&)Z|a|<s( 1 |a|82a (X) +W*9Wm(x) - a Wm(x)
(i) Vx € [-2L,2L]°\Q, Z|a|<s( 1)1*182* Wy (x) = 0.

1= This weak PDE should be solved in a case-by-case study
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Let v, = 1/—28_ Then for all x,y € [—L, L],
et e en for all x,y €[ ]
Yn
— h 2 nl_ h 2 n h n =
K0 Y) = 5 ginban Dy (SO (2L + cosh(250x) cosh((x = )
+ (1= 2 X 1y, ) sinh(2yaL) — sinh(2y,x)) sinh(ya(x — y))).
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Theorem (Kernel speed-up)

Let A('*): n~!log(n) and

— { n2B/D(F )z i 1D(F)liz@) #0
(ph) 1/ log(n) if [[2(F)z@ =0

Then
E /[ o= FRdPx = [9(7) ) Oulr g’ ()

+ (I1F* sy + 62 + M?) On(n " log®(n)).

noise param

v

v When || 2(f*)||12(q) = 0 (f* is constant), the PIML method recovers
the parametric convergence rate of n o

v When [|2(f*)| 12(q) > 0, we recover the Sobolev minimax convergence
rate in H*(Q) of n°/°
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