
 
physics informed machinelearning as a kernelmethod
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Hybridmodeling
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input domain as a boundedLipschitz domain

includes 6 manifolds eg theEuclidean ball KEIR IKKI
domainswith nondifferentiableboundaries eg L L

Hyp f E HIS forsome s dla
D f 0 for some knowndifferentialoperator

Empirical risk function

Rn f 1 EIfcxil Y.it Assos f JesperC2e 2 d pouHDf IG
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HIR teper 2e23



Study of the estimator

Â argmin Rtf
ftHer F21,217

Allderivedresults remain applicable to thestandardSobolevspace

H 2 But considering Hur f21,217 eases technicalitiesin the

proofs
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First step Any function ftHer 2,20 canbelinearly

mapped in L F21,21 in such a way thatthe now
1 L2t.aeaja oftheembeddingisequal

to apos f Teppeaitre pay04112212

Remark G Hier E21,21Jd L f21,213

Ideasofprof
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s t f ELLE242e On f is theuniqueettofHer 52427
solutionof the weak formulation
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11Onf lape DÉ 7 524217
Indeed
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Oncanbediagonalized thanks to thespectral this Onbeing

acompactoperator Rellich_Kondrakov and strictly positive
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This suggests theinnerproduct fg LOn f On g aeaj
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RKHS structure

proof sketch

take R FT T 2e 2e with L.TL 11EEEIaues
penalizedbythe

Assumethat I has constantcoefficients PDEonthermohaline

In such a case the operator Onhas an explicitform
Recall that
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byparsevalDenote FS the Fourierseries operator

frequency k E FS G f1 k Var FS f k
where
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the corresponding kernelis
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In themore general case this is moretchnical

On is not diagonal in the Fourierbasis

Need for resultsofPDE theory Eh

this resultshows that a PIMLestimation andtherefore
its variantsimplemented in practice suchas PINNS conte

regarded as a kernel estimator

Howevercomputing K is notalwaysstraightforward

Characterizationofthekernel via a weak formulation



Convergencerates

In thepreviouslecture we haveseen thatwehave

to bound the so calledeffectue dimension Tr 7ITÉ

for the covariance operator Ʃ IE 6130417
or equivalently forthe integralquator fEL R Ix x Et
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measurablerandomvariable

Il Hilbert separable Hilbertianbasis a p
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Formalismof Caponnetto Vito2007

Finding theeigenvalues of isnot aneasytask

Definition projectionon 2

operator on L 242e definedby Cf f12
C is a projector C C andselfadjoint
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Im K PIMLkernel

Hyp III K boundeddensity wrt Lebesguemeasure
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eigenvaluesofLK eigenvaluesofCONC
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Onecan boundso that the Sobolerpert leads PDE weighted

solder
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the PIMLestimate converges at leastat the
Sobolevminimax rate up to a logterm

Carwe obtain a better convergence rate Does the

physicshelp



Characterizing theeigenvalues of CONC
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Choice ofSobolev regularization is unimportant
thm Assume that s d 2 Considerthe3estimators
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ft À andf13 shareequivalenteffectivedimensionNdisossidipai

thesameUBontheCVrate

The proof relies on the following result
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Thenkernels associatedwith C In onHS r havethesame Wrote
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withminimal Hpolf2 2e d nous

show theinnerproductequivalence

Application speed up effectofthephysicalpenalty
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In this ease thekernel car be analytically computed
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Characterizing the eigenvalues am of CONC
lo do so wehave to Solve the weak formulation
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thesolutionsof this ODE are linearcombinationofcash
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Conclusion putting the bounds obtainedforanthandamiti

together Wehave 2decreasing sequences tocombine
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Thm Kernelspeed up
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Incorporating the physics in the learning process helps

learning


