
 Astatucal tour of physics informedmachinelearning

Focus on physics informedneuralnetworks PINNS

Setting
C IR bounded Lipschitz domain

ex boundedconvexdomains

ex manifolds with 6ᵉ boundaries
C s Rde spaceof functionsfrom Sto 1Rᵈᵉᵗ

K time continuously differentiable

Co r 112 C r Rde

Holdernoun 11f CK 119F d'floor

Hybridmodelling

Goal toestimate an unknown regression function fᵒ
such that f R 112ᵉˢ and

71 1
random noise ECEIX D



In traditionalsupervisedlearning todo so we use

trainingsamples XiY i 1 n independent copiesof
XM distributed as

Additionalinformation physicalmodeling priorknowledge

D f 0 ons

known differential operator

Additionalinformation Initial Boundaryconditions on E OR

partialknowledge
Followed

ex when E 05L Dirichletboundarycondition

toestimate ft wehave 3 different datasets
Chétrational trainingsamples unknown distribution

Kil Xml
Collocationpoints a collectionofiidpoints uniformlyondigributed

Xii
Thosepoints canbeseenas a naive discretization of 2
Conditionpoints a collectionofiid points NUE on E

XI Xhé knowndistribution
µ onE



physics informedempiricalrisk

Rninaine f FEE Ifexil Yik ÊIIDLf XIII

Fmn
IE 1f Xi hexill

FÉFÉ
I maydropthe initial boundaryconditions forthelakeof presentation

When this physics informed risk isminimized over a

class of neural networks we obtain the so called physics informed

neural networks PINNS

to do so consider the classof fully connected feedforward NN
with H hidden layers ofwidth Ls 4 LH D D D

an inputlayerof width Lo dir r c Rdin

an outputbayerof width H dont YERda

activationfunction tank



Overall

fo Aouto tah oct1 0 tanhoots
Lappland component wire

with Ap IR IRK weightmatrix We 112ᵗʰ

x Wkxtbk biases byEIR
Theparameters oftheneuralnetwork tobelearned are encoded

by D Wabs WHAbla H D

RÊdemi.ieNotatioi NNHD neuralnetworks

of Hhiddenlayers te hidden layers

ofwidthD of width D

Approximation results

Ideally the NN ect NNH D shouldbe chosenlargeenough

to approximate boththesolutionofthePDE and itsderivatives

DeRycket al 2021

prop DensityofNN in Holderspaces Doumecheet al 2023
4ᵗʰ

ForH 2 NNH is dense in thespace CFERda 11.1kfr
i e forany function u ECM2Rda upparENNÉ

such that him l'up ULICK r 0



Theorem Jarotsky 2017

ForeveryESO forevery 7E8k to 1
d thereexists a

tankneuralnetwork f with O E d'b neuronssuch that

fFloSE

NNstructure allows forconstructieprofs
Keyproperties

sum orcompositionofNNis aNN
FORsmoothactivation foto with T D 0 and be B

hso se 01h o ah 0 BLE

2hr70
Approximationofidentity with 2neurons

theorem DeRyck Larthaler Mishra 202e

ForeveryNEIN andevery ff 6150.1 a tank

neural network with 2hiddenlayersofwidthN suchthat

forevery ok s

7 Île 414,4N
ʰ
N
9ᵗʰ



Remark 1 alsoholdsforSobolevnorme_

Remark2 flow totranslatethis interms ofPDEresiduals

Exampleofthe heatequation Dlf x Off 03f
whenFEC TOT F0,1

117f 04nF 2fr Fr1 110f03fIls e

1101f d'enflleo 10Ê Ëᵈf 04nF c
110f0ff10 110kf deaf

1ffilles 11f7 2

211ff14
Therefore thereis a NN with2 hiddenlayersand N'neuronss.t

l'Af Otaflly 2F51 11ff11,2 C enten N 8ᵗʰ

Remark3 in practice the PINNS are ofsize
NNy 50 Krishnapriyanet al Characterizing failuremodesinPINNS

NN 100 Xuetal HowNN extrapolate fromFENN toGNN

NNso 100 Arzanietal Bloodflow



Back to learning

In traditionalsupervised learning wehavethe

statisticalmodel

Y f x noise Al

such that Efnoise D

targetfunction

Introduce the quadratic risk Risk f IE 4 711

This risk is minimal for f x IE Y X x

f f Bayespredictor

Toestimate f we use n trainingsamples XiY i 1 n

aid as XY distributed as b and constructorestimator fin

Thefirststatistical requirement is to hopefor risk consistency

lim Risk f Risk fMSto

Howto adaptthisnoton is the_caseof PINNS



Overfitting

Studyoflimitations ofPINNS

Tothisend weintroduce a particular risk function

Rnlfl IEIflxilYilk fffy11 Cf.se
11ᵉde deEffix hex

Regime where expectationw.it tothe
expectationw.r.t.ME

Uniformmeasureon a

n isfixed costlyphysical measurements
Rnren f I È IfexilYik

me Mr is Xj Xj canbefreelysampled
ÎÎIDG 11E

up to computational resources

ÎÎ 1fXi hexill
Consider Ô p ne no D a minimizingsequenceof Rhinein
line Rhinein ftp.ne.n.pl inf Rninein_ fo

postes DE HD

Focus on ERM type estimators no implicitbiashere

Definition physical risk consistency

ne.tn Imp IRCfocpinenDi infRnCf
fENNHLD

Wewillshow that PINNS can dramatically fail to be risk Consistent



Hybridmodellingwith friction

2 30 T

fEC I R Dluxtmu al qu x

Dynamicsof an objectofmass on subjected to a fluidforce

offriction coefficient 1 0

In this case the empirical risk reads as

Rninfol Etfolxil Yil Ï mfolxé yfolxé

prop provided that Y Y whenever D n 1

forany me for all E e 1 n thereexists

aminimizing sequence ftp.n.m.pl such that

plisRhin ftp.nn.pl 0 interpolation

plus Rn ftp.n.n.pl to PDEtermexploding

the PINN estimator is not physical risk consistent

this phenomenon is explainedby the existenceof piecewise constant
functions interpolating the observations Xs Xu whose derivatives are



null at thepoints XI but divergebetweenthese

points

proof Consider the following NN

ftp.n.nrp Yes ET
2

tank Xin 1

where the observations Xs.la Xn.Yn are reorderedinto XiYin XinYin

suchthat Xa Xia Xc Xen

Elnn is the minimal distancebetween 2distinct points in

theinputobservations Xiii and the collocation points Xéle
tank tank p
tankpᵒ composition oftank H times

ThisNN hasthe following properties

Interpolatoi ofthetrainingpoints fils ftp.n.nrp Xi Yi

Indeed for870 lim 11tarp _sgnlCKCRE.jo 0

therefore tank Xin IEE.IE E



collocationpointslocalizedin
Yes

flatregionsofthe NN
Il

Xy interpolationofthe training
data

x x i

All derivatives higher than order1 vanish almost everywhere

Dlfoixé mfô E 1f'ôfxé O Xxè

But explodelocally
Forany OCEC8ln.nl4

Rnlfolpnr.Dll IJpopy lfolpin.si dx

FEE D'ftp.nappix dx

MÉFIÉ.FIYIF 1 EEmf1 012 2 télxait _c 1161
82461

Et Yah

12 Ê YinYik

Finally pleins Rnftp.n.p to



Remarks

This pathological sequenceof NN is suchthat 1101k tis

theproofdoesnotdependonthe geometryofthe collocation

pointsXe orthe conditionpoints XE Choldswithgridsorquasimontefgarh

Holdsforany PDE with derivatives 1 involved

Similarbehavior in the case of PDEsolver
Consider 1 1 JOIE

Dlf x off Text thatequation

Boundary conditions ff 1A f11Al O
Initial condition fla01 tank x 0.5

EEE 3

Empiricalriskfunction

Rnrinelfl fijElflxj hcxjlf EFE lf.xe

physicstheoretical risk function

R f de E 171 9 4 412 I J Dlf a che



prop WhenD4 nein XE Xii XY Xii
a minimizingsequence fôlpineinD p

8 t

1 Rneinrlfocpmn.pl 0

lim R folpm.n.pl
p to

This PINNestimator is not physics risk consistent

G Similarly thisestimator corresponds to a function that equalszero
on 2 and thus satisfies the linear PDE whilesatisfying

the initial condition on 02

G Again this correspondsto a limit ofneuralnetworks fo suchthat
1101k tes



Fighting overfitting
Connection between L normoftheweightsandtheNNregularity

prop the followingholds FOE HOHD

Ilfollckerding CKH D 1 1 11011 1101k

Remark thisbound is lightin thesorethat thereexists
a sequence top µ suchthat

C ftp.sl0plk ts

di fopllckpdi.gsEky 11012ᵗʰ

Idea un a ridge_type Tikhonov type regularization

to avoid pathological minimizing sequences

hyperparameter
Def Ridgerisk function

RnF.ME fol Rn.nrne fo Acridge 110112

Denote 051 0 Ip a minimizing sequenceof the
ridge risk function

plein rii 1foy.is 1 n f R
DE Hp



Note that ridge regularization is implementable in most

deeplearning libraries eg
keras pytorch implemented via

weight decay

Classof polynomialoperators y
bounded LipschitzdomainofIR

ex Navier Stokesequation on A Rs JOIE f feifyifzip
3ʳ edqt Dlf a Otfz fzgfz ygzfytp.gr gin
It canbe seras a polynomial P offz 8f defy 83f Bp
where Pis givenby P21,22,2324,75 23 2172 774 57 g

degP 2 butdegD 3 countingthedegreeofthe polynomial
combined with the orderof differentiation

Encompass linear nonlinear PDEs

theorem H 2 Assumethecondition ft hisLipschitzandthat
is a polynomial operator

By choosing Acridge pifpenny
with

12441 24degD

neliks plis Rlfôpiese p
R



The choice of the hyperparameter Aridge which
vanishes when ne Mr tis makes the ridge bias vanish

This choice depends on knownquantities NNdepth

degreeofthe differentialoperator nb ofdiscretization points
Extensionof this resultto remove any approximationbias

introduced bythe class NNyLD

DES menhirsplis 70454,1 inf R
CMI Rt

One canmakeD depend on me Mr as well

D min nein
3 with 3 functionof Hand dego

In such a case

ne Es plus Rn 7Ff mn inf R
C 52,112 4

proof In the case of the 1D heat equation only

off_Onf 0 meaning that Dlf OFF
Let fo OE NNµ D the NN with parameters allo

Trivially RY.LYn fol Rninein f



therefore

Rninein f IEI flexi Yi EE DlfaXi

Ê Hit dr 2 UB

desnot depend on

2 coefficients inthe

na neifany and fridge
polynomialoperatorofsupnorm 1

Dlf byDef teuf
Ildilles à dellaà 1

LetÔ L beanyminimizing

sequenceof the empiricalridgerisk ftp.sR fopiim infRnnen.lfo

DEHOHD

ball Mr min Mehr

Define ETTMre 40E xp 1101k mi
EÏNmiel 20E µ nié 1101k nie
EJIMe 40E His 1101k mr.EU

Remark that HA EIUEÏÜE

Summary ofwhat's next Osmall no problem

inbetween le careful

large doesnot happen



Ideaoftheproof show that almostsurely givenanymr and

me for p largeenough Ô EEE
Moreover on EàÜEz theempiricalrisk function RY is closeto

thetheoretical risk Rn

VOEEEᵗ Rn O dridge11014 nte
Once me UB 1

inf R f 1 R f 1

DEE UB 1

mi
inf R fo
DEELM

this showsthat formn large enough Ô EIN

We can show that

O supOtEiEEindEEE lf01xitFyfolfo.se
de login np

withβ 2 411 2 4 degD Admitted



Thus almost surely forall me largeenoughand DEEz ne
R fo R f diriges11011 21logᵗmremi

Ligfytdutevalue

Yes Because
for all 0E EÛT

pu
triage 01FF MÉ

and K 2 β
Then almostsurely formylargeenough and for all OfEÏN

Rni fo Rulfo There onETthe
empirical risk controlsthe
theoretical one

OEEid acridge 110112 mé

Using to we deduce that for all urlargeenough
for all DEEjᵐᵈ

1RE fo Rncfall logᵗnne nie
onecomingfromintegralapprox
one coming fromtheridgereg



Fx ES0

ball Oppany minimizing sequenceofthetheoreticalrisk Rn

µsRnlfop àL n'f
Bydef P suchthat IR fop01ff Rulfo

E

G For fixed Mr according to forplargeenough
Ô E Ea n UEzln

According to

Rlfoy R foyia.se 2 logᵗ n ni

Bydefof theminimizing sequence Ôp forplage
enough

R fogia.se infR E

HD

According to

OEE.ittuEii
R fo infR I fo

OEEzÊ

àIti Rfo
2 logan ni



For all Mr large enough Op EEF
therefore

offy Rulfo RCfope

Combining all almost surely for me and p largerough
R fôji ff Rulfo

3E

As E is arbitrary weget plims sR fôp infRCfo
DE
HD.MG

Open question

Implicit regularization in PINN training
Spectralbias



Strong convergenceofPINNS for linear PDE

GoodUVproperties in terms ofriskRn donot imply
good CU properties in terms of function forinstance

Finn 7ᵉ in L sense

A firstexample in hybridmodeling setting
din 2 dont 1 2 30,1 JOIE
Dlf Ouf Off advection equation

hlx01 1 Vx initial condition

hait 1 t boundary condition

prior theregressionfunction f shouldbe closeto 1

Consider the sequenceof NN Sgn a t Kitti 8

foplse.tl 1 ÊË1 tant a A xitti 8

tank la t xitti 8

Xi Laiti

2
with d

yj.nu xi xj ti tjl

aiti satti attits1



Indeednote thatbythestepshapeweget
Iffreto fiel 1 5 J adu Kf1,14no
eleyeaucy.EnwaglfTtYlulduro

therefore 11f'll 18

fdp ati pas

fop satisfies theequation as being constantalongthelines
t est a

t.E.FI
Xi ai ti lines suchthatrettiste

therefore ftp.R fop 0by and

If Dan infRn f D fôtriases Er
fENNHLD

Fne if themodelisaccurate independently of nard ft
problematicifthemodel is not exact



A second example in PDEsolver

2 31,1

4h11 1
Dlf a refre

Clearly f4 1 is theonlystrongsol of thePDE
Consider the NNsequence to beÀ tarkpotank
lieu R f P f 0 as fpsatisfies theODEandFp11 1
pots

fplp is a minimizing sequenceof R

But À re signer ft

Toretrievestrong convergenceproperties one can useSobolev

regularization

forthesakeof
Assumption LinearPDEs presentation

Assume that Dis on affineoperator oforderK

offand its derivatives
Dlf x D'ein f x B x

oforauk.EE EE 5
in thepaper wecanhandle a2ⁿmdember



ex advection heat wave Maxwell equations

Regularized theoretical risk

RED f Rcf dise 11fIem r

with flemti a Fm ur

Regularizedempirical risk

RIEN f Rninen f dirige 11015 1f ÊFEmldft I

Canbe straightforwardly implemented in theusualPINN framework

by considering the Sobolev penaltyas additional PDE

Inwhat follows forthe sakeofpresentation we discard the

boundary condition if grayparts



proposition Characterizationof theuniqueminimizesof 29
Assume D to beoforder K and to encode a linearPDE

m max Link K

Chen RM has a uniqueminimizesÀover H r

characterized to be theuniqueelementof te 2 suchthat
Vottem r An fi v1 Bn o

Weak
formulation with Anfiul 1 E Tlfi Xi TlullxiDofPDEon
1m12Rda de IE Tlfi XY Th X

Ê f D'a f a D vin de

PipEm fr filet d'userde

Balot I Ê YiMo Xi
de'E TW Xe hexa

Bla D4 vre de

IT Hm SL 112 CM2 2ᵈᵉˢ
Socalled Sobolev embedding

such that If istheuriquecontinuous fotthatcoincideswithf
almosteverywhere



Lax Milgram based result
Rework that

Rn f1 An ff _2B f ETMilkµ IEllhlXY
JeBaldr

proof Forthesakeofsimplicity in the

proof wediscard the boundary conditions 2ⁿmdemberin thePDE
Remark that

An fif 2Bn f R f 1 14
An fif Asol 117114e

mais
meaning that Anis coercive onthenormed space
11m 2 11Iltentysu

Since MA max 1 2 K ou has

IAncf.gl Akalles Iso 117114ms 9114emais

and

Bnlf Ca EIIL filets
therefore An and Bn are continuous

ByLax Milgram theorem Brezis 2010 Corollary5.8

FEHM s Rda such that

An f f 2Bref Fye.mg Cf.f 2Bn f



f is theuniqueminimizes of Rps over Hm r Rda

Again Lax Milgram there gives that f is theunique
element of H R s A gEtemᵗ r An fg Bng

The former proposition ensures that the Sobolev

regularization makes the PINN problem well posed i e

the theoretical risk function admits a unique minimize

Next question what about U to thisuniqueminimizes

prop From regularizedrisk consistency to strong convergence
Assume that un max fin2 K

Let f Co 52 Rdout minimizing sequence

such that him RC pp inf pied1ff
Ri

pistes ff892Rdot
Then

thomical

plis fp Â temps 0

uniqueminimizer ofRires
over Hm s Rda

prof admitted
Message minimizingsapesofRTG converge totheuniqueminimizeofHm 2



Then Strong convergence of regularizedPINNS
Assume that D is an affineoperator

m max
d K

the conditionfunction h is Lipschitz

Let 19Cp.ne.noD be a min sequenceof the
regularizedempirical risk function
RimM f Rninen f dirige 110114 EIFFEL folk

over the classofNNH D
Chen choosing bridge min nein with

12 441112HILMA
one has

LE net faisait entre 0

uniqueminimizesof 29
over Hm s Rda

Message minimizing sapesoftheempiricalregularizedrisk converge to

the uniqueminimizesof theregularizedtheoretical risk

the PINN fôtres converges to theunique mininizerfâ

ofthetheoretical risk
What can we say in terms of U to f



Chen Strong CVof linearPDE solvers

Same assumptions as before
ThePDE admits a uniquesolution fin H s Rda

Cher

HI ÉE LE HE 7 1441 0

For the hybridmodeling framework weneed to measure the

gap between ft and the physicalprior

Def physical inconsistency

Foray ft Hm r Rdot

PI f deEll IT f X hexa 112 Dluxldx

Il

PI measures the modeling error

Betterthemodel lower PI f
Remark that R f 1 ETIITf Xi Yill PI f



ChooseAridgeces
beforew.r.tnCard

prop Under the same assumptions asbefore ne suchthat

Assume that ft temᵗ s Rdoue let aider

dur 19mn NotIn
then STATISTICAL ACCURACY

11sep Eff 715dm 19E

PHYSICAL CONSISTENCY

1 1 1 EPI foE.esmHPILF E

In thelecture Aride log Isolijn diata 1
w̅

Choiceof bridge unaffectedby therescoling since wetake the
asymptotic in me Mr fest
Choice in the article de 1 de 1 Asos Ylogn ddata Fillon


